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associated dynamic Jahn-Teller distortion being presented. Optimized structures, bulk moduli, ⌫-point vibrational frequencies, and crystal-field energy models are discussed for all relevant spin states. 
I. INTRODUCTION
Spin crossover ͑SCO͒ is a relatively rare class of spin state transition occurring within octahedrally coordinated transition-metal ͑TM͒ ions bearing d 4 -d 7 electronic configurations. A variety of external perturbations have been shown to induce the effect, including variations in temperature and pressure, illumination, and exposure to magnetic fields. [1] [2] [3] [4] [5] [6] [7] SCO may be regarded as one example in a more general field of molecular electronic bistabilities, collectively of interest for their potential applications as fundamental elements in novel information processing and display technologies. 4 Such bistabilities are of technological use only insofar as they are associated with a readily observable response of the material, such as a change in volume, magnetization, electrical conductivity, or optical absorption. A careful choice of ligand, and ancillary metal species can couple the bistability to other properties of interest, including, for example, the appearance of magnetic, charge, or orbital ordering in one, or both of the metastable states. Specifying further to thermal SCO, it is clear that this occurs only in materials wherein the high-spin ͑HS͒ and low-spin ͑LS͒ states of the active TM are sufficiently close in energy, their separation being notionally within the range of the thermal energy. In turn, this requires near equality in the crystal-field splitting and spin-pairing energies. The scarcity of compounds displaying the effect comes directly from the restrictive nature of this criterion. Most examples to date involve octahedral ͑or near octahedral͒ Fe II N 6 coordination, suggestive of a favorable disposition of the crystal-field parameters and intra-atomic interactions within this configuration. 8 The recent reviews of Gütlich and Goodwin; 8 Ksenofontov et al.; 9 and Sato et al. 10 summarize the broad range of experimental techniques applied to SCO materials. Of particular interest here are those studies focusing upon the thermodynamics of the effect. Calorimetry is an obvious first choice and has been pursued for a range of materials. 11, 12 However, the insights obtained are limited by difficulties in partitioning the derived quantities into contributions due to electronic, vibrational, and configurational degrees of freedom. Vibrational spectroscopy offers a complementary approach, namely, the determination of thermodynamical parameters directly from the mode frequencies, but this is often hampered by problems associated with incomplete spectra and unknown mode degeneracies. Nevertheless, useful insights have been obtained for a range of materials. [13] [14] [15] Atom-specific vibrational frequencies for a more limited set of compounds have also previously been obtained from nuclear inelastic scattering experiments. 16, 17 Examining theoretical approaches, high-level wavefunction-based treatments of electron correlation are, in principle, possible for isolated complexes, but their computational intensiveness often renders geometry optimizations and normal-mode determinations impractical, limiting applications to SCO complexes. Hybrid density-functional theory ͑DFT͒ offers a reasonable compromise, the main limitation here arising in relation to the reliable prediction of the HS-LS splitting energy, and the typically strong dependence of this quantity upon the Fock exchange content ͓denoted F 0 ͑%͒ hereafter͔ of the functional. Investigations across a range of Fe II complexes and functionals broadly concur that weights of Fock exchange in the low range F 0 =0-25 % offer improved accuracies for specific materials. [18] [19] [20] [21] [22] More specifically, Daku et al. 21 recommended a value F 0 = 10% on the basis of the LS→ HS transition in the ͓Fe͑bpy͒ 3 ͔ 2+ ͑bpy= bipyridine͒ complex; Harvey, 22 F 0 = 15% on the basis of a general review of hybrid functionals for spin state energetics; and Reiher, 18 the same value on the basis of the LS → HS transition in the Fe͑phen͒ 2 ͑NCS͒ 2 ͑phen = phenanthroline͒ SCO complex. The recent review of Paulsen and Trautwein 23 provides a comprehensive overview of the application of DFT to SCO materials.
The current study addresses thermal SCO in the Prussian blue analog Cs I Fe II ͓Cr III ͑CN͒ 6 ͔ ͑Fig. 1͒, the first such effect reported in this class of materials. 6, 7 Here, increase in temperature leads to an Fe II LS͑e g 0 t 2g 6 : S =0͒ → HS͑e g 2 t 2g 4 : S =2͒ transition at approximately 238 K, accompanied by an isosymmetric ͑space group F43m͒ lattice expansion of 0.38 Å. 6 The reverse transition ͑HS→ LS͒ occurs at 211 K with decreasing temperature, consistent with a broad hysteresis approximately 30 K in width, and it is estimated that approximately 11% of the Fe II sites remain in the HS configuration below the critical temperature. 6 The transition temperature was found to increase rapidly with pressure at the rate of 60 K kbar −1 without appreciable change in the shape of the hysteresis loop. 7 Interestingly, it has also been shown that x-ray illumination can induce HS→ LS conversion, fits of a nucleation model yielding a reaction rate that decreases with increasing temperature. 24 Combined diffraction, magnetic susceptometry, and infrared ͑IR͒ spectrometry measurements suffice to rule out the involvement of either internal TM redox or ligand isomerization processes in the SCO effect. 6, 7 The magnetic measurements also indicate the onset of spin ordering in the LS state at approximately 9 K while meanfield theory fits to the M T vs T curves on both sides of the SCO transition reveal ferromagnetic ͑FM͒ J CrCr and J Fe HS Cr exchange couplings with magnitudes 1.1 cm −1 and 1.9 cm −1 , respectively. 6 The CsFe II ͓Cr III ͑CN͒ 6 ͔ system has also been the subject of a previous theoretical study by Le Guennic et al. 25 Highlevel CASPT2 calculations were performed for ͓Fe͑NC͒ 6 ͔ 4− clusters embedded in point-charge arrays, focusing upon the variation in the HS-LS splitting energy as a function of the various charge models applied. Interestingly, it emerged that the inclusion of the charge reorganization across the LS → HS transition was necessary in order to achieve even qualitative agreement with experiment. However, the splitting of 150 kJ/mol provided by this study seems large in comparison with the predictions for other SCO materials. 18, 26 Recently, Wojdeł et al. 27 have also performed periodic calculations for this system using the generalized gradient approximation plus U ͑GGA+ U͒ method and the HeydScuseria-Ernzerhof ͑HSE06͒ ͑F 0 = 25%͒ screened hybrid functional. This study concluded that the Fe II LS state is most stable in the experimental low-temperature structure and the HS state in the high temperature form. Geometry optimizations in both spin states using the GGA+ U method reproduce the experimental magnitude of the lattice expansion across the LS→ HS transition, the splitting energy as a function of cell volume also being investigated. Interestingly, the hybrid calculations also suggest that the HS state should be metallic, the Fermi energy falling within a narrow Fe͑3d͒ band. 27 The present study addresses the SCO effect in CsFe͓Cr͑CN͒ 6 ͔ within a periodic DFT approach. Hybrid Hamiltonians with a wide range of F 0 values are considered so as to further characterize the accuracy of such functionals in describing solid-state SCO effects. Vibrational frequencies obtained within a harmonic lattice-dynamics approach are combined with static energetics to compute transition temperatures and associated thermodynamic parameters. The latter results are of particular interest given the paucity of solidstate vibrational calculations for SCO compounds. The present approach is partly motivated by the implication of previous studies that periodic simulations naturally incorporating intermolecular interactions may more accurately describe the transition thermodynamics in related materials. 23, 28 It is also of interest to identify those modes not observable by IR or Raman spectroscopy and to determine whether their omission significantly alters the derived thermodynamic parameters. This will provide insight into the accuracy of these experimental techniques in determining the thermodynamics of not only the present compound but of the solid phases of SCO materials in general.
The paper is structured as follows: the thermodynamical model of the SCO transition is detailed first, followed by a description of the computational method. Preliminary analyses of the spin excitation energies in terms of a crystal-field Hamiltonian are then presented with the aim of determining the relevant spin states for the subsequent DFT calculations. Results relating to equilibrium geometries and static LS → intermediate spin ͑IS͒ and LS→ HS excitation energies follow, while the final section details the vibrational and thermodynamic properties obtained from the lattice-dynamics calculations, and also presents the main findings in regard to the performance of the various hybrid functionals in describing the SCO transition. The Supplementary Material 61 provides results and analyses relating to the electronic structures of the various spin states and the magnetic coupling in the HS phase along with a representative set of normal-mode eigenvectors for the LS and HS phases. 30 though it has been argued that Jahn-Teller ͑JT͒ distortion will generally lift this degeneracy. 11, 14 Nevertheless, the present study considers the effects of both including and excluding ⌬S orb .
Numerous models of cooperative SCO transitions have been proposed, including the "Mainz" elastic model of Spiering et al., 31 the cooperative domain model of Sorai and Seki, 29 and the Ising-type model of Wajnflasz. 32 As a working theory, the present study adopts the conceptually straightforward modified regular solution model first proposed for SCO materials by Slichter and Drickamer. 33 Here it is supposed that the Gibbs energy of the lattice, G = U + pV − TS, varies in some explicit fashion with ␥, the equilibrium fraction satisfying the condition
where, as in what follows, the explicit pressure dependence has been neglected. More specifically, it is assumed that the molar Gibbs energy includes a contribution varying linearly with ␥ from a value G LS ͑T͒ for the pure LS phase ͑␥ =0͒, to G HS ͑T͒ for the pure HS phase ͑␥ =1͒, such that
The term involving ⌽ introduces interactions between HS and LS sites: small or zero values corresponding to only weakly or noncooperative transitions; and large values, to strong cooperativity with the potential for discontinuity and hysteresis in the ␥͑T͒ curve. The experimental findings outlined above suggest that SCO in CsFe͓Cr͑CN͒ 6 ͔ is of the discontinuous and strongly hysteretic type. 6, 7 The final term represents the mixing entropy of a random solution of composition HS ␥ LS 1−␥ . Assuming pairwise-additive nearestneighbor ͑nn͒ interactions, the interaction constant may be expressed 
where ⌬G͑T͒ = G HS ͑T͒ − G LS ͑T͒ and K͑T͒ = ␥͑T͒ / ͓1−␥͑T͔͒ is the equilibrium constant. Thus, it is clear that neither the interaction nor the entropy term contribute at ␥ = 1 2 within this model, so that ⌬G͑T͒ = 0 at SCO. However, ⌽ retains a key role in determining the nature of the transition, as is evident from the following analog of the van't Hoff relationship derived in the presence of the interaction term
where ⌬H is the enthalpy difference. In the SCO region at K = 1, it emerges that positive values of ⌽͑T 1/2 ͒ approaching a critical value ⌽ C =2RT 1/2 lead to a singularity in d ln K͑T͒ / dT −1 corresponding to the strongly cooperative and discontinuous SCO transition discussed above.
The free energies of the LS and HS lattices are obtained from ⌫-point lattice-dynamics calculations in the present work. The effects of phonon dispersion are neglected to maintain computational tractability, although a study addressing this topic in a more limited set of Hamiltonians is planned. Thus, while the present approach is restricted, support for it emerges from the fact that the majority of the experimental spectroscopic studies discussed above accessed only the zone-center frequencies, some proceeding to compute ⌬S vib on this basis. [13] [14] [15] However, as mentioned previously, analyses of this type often encounter difficulties in relation to undetermined degeneracies and silent or weakly absorbing modes. First-principles lattice-dynamics calculations can mitigate such problems, offering a complete determination of the vibrational spectrum of the solid.
A crystal cell containing N atoms possesses 3N normal modes of vibration, three of which are of acoustic type with frequencies 1,2,3 = 0 at the ⌫-point. For the remaining 3N − 3 optical modes with finite angular frequencies i=4,. . .,3N , the harmonic molar zero-point energy ͑ZPE͒, enthalpy and entropy contributions are obtained as
respectively, where ␤ = ͑k B T͒ −1 . The label "⌫" is retained hereafter to denote that the values have been derived from the ⌫-point frequencies only. The total molar values are then obtained as the sum over modes divided by the number of formula units per cell. The HS-LS Gibbs energy difference is finally obtained as
͑7͒
in the model excluding orbital entropy, and ⌬G orb ⌫ ͑T͒ = ⌬G ⌫ ͑T͒ − T⌬S orb in the model including it.
III. COMPUTATIONAL METHOD
All calculations were performed within the CRYSTAL06 linear combinations of atomic-orbitals code. 34 The basis sets used comprise series of contractions of Gaussian-type functions of the form 1s͑8͒2sp͑6͒3sp͑4͒4sp͑1͒5sp͑1͒3d͑4͒4d͑1͒ for Fe and Cr; 1s͑6͒2sp͑3͒3sp͑1͒4sp͑1͒3d͑1͒ ͑correspond-ing to 6-311G ‫ء‬ in the Pople nomenclature͒ for C and N; and a Hay-Wadt small-core pseudopotential of valence 9 in combination with a 5sp͑3͒6sp͑1͒ basis for Cs. The Fe, Cr, C, and N sets have all been used in previous studies of Prussian blue and its analogs; 35, 36 the Cs set was obtained from the CRYS-TAL repository, 37 and has been optimized previously for the Cs + state. Spin-polarized hybrid density functionals of the general form
were applied, where x and c denote exchange and correlation contributions, respectively; LSDA, B88, and UHF, the local spin-density approximation, Becke-88, 38 and spinunrestricted Hartree-Fock exchange potentials, respectively; and VWN and LYP, the Vosko-Wilk-Nusair 39 and Lee-Yang-Parr 40 correlation functionals, respectively. F 0 values of 0%, 10%, 12%, 14%, 16%, 18%, 20%, 30%,…, 90%, and 100% were applied, along with pure UHF exchange. The concentration of points in the range F 0 = 10-20 % is motivated by the findings of the previous theoretical studies of SCO complexes and of more general spin transitions discussed above. [18] [19] [20] [21] [22] [23] A value F 0 = 20% ͑yielding the B3LYP functional͒ has previously been shown to provide accurate band gaps and dispersions in a wide range of solids 35, 41, 42 while F 0 = 35% has been shown to provide accurate magnetic coupling constants in a range of TM compounds. 35, 36, 43, 44 Franchini et al. have applied a range of Hamiltonians to MnO and a wider set of multivalent Mn oxides. The PBE0 hybrid functional ͑F 0 = 25%͒ was generally recommended for the former material, 45 while a more complex situation arose within the broader study, in that the appropriate Fock exchange admixture was found to be material dependent. 46 The applications of screened hybrid functionals to solids 47 are also worthy of note. The HSE screened hybrid was found to provide a reasonable description of the pressure-induced Mott transition in MnO, 48 of the Jahn-Teller effect in Mndoped GaN, 49 of the electronic and structural properties of the O vacancy in TiO 2 , 50 and of the band gaps and lattice parameters in a wide range of materials. 51 Central to all of these findings is the notion that hybrid functionals offer a systematic means by which to improve the description of materials bearing strongly correlated electrons. Increasing admixture of Fock exchange leads to a more physically realistic localization of the TM d states and opening of the band gap, both due in part to the progressive cancellation of the self-interaction error typical of pure DFT functionals. 42, 52 Initial HS, IS, and LS configurations were obtained by the application of constraints upon the total spin of the cell, and upon the 3d-orbital occupation at TM sites. However, all total energies and properties derive from converged wave functions obtained after the release of such constraints. Sufficient convergence in total energies was obtained by use of Coulomb and exchange integral series truncation thresholds of 10 −7 , 10 −7 , 10 −7 , 10 −7 , and 10 −14 and an 8 ϫ 8 ϫ 8 Monkhorst-Pack reciprocal-space mesh, all as described in the code documentation. 34 Optimization convergence tolerances of 10 −7 atomic units ͑AU͒, 0.0003 AU, and 0.0012 AU for total energy, rms force, and rms displacement, respectively, were applied, save in calculations of vibrational frequencies, magnetic coupling constants and JT distortion energies, where tighter tolerances of 10 −9 AU, 0.00005 AU, and 0.0001 AU, respectively, were used. Tolerances for maximum force and displacement components were set at 1.5 times the respective rms values. Atomic charges and spin populations were obtained from Mulliken analyses of the converged wave functions. Calculations of the zone-center normal vibrational modes proceeded by a series of finite atomic displacements of magnitude 0.005 AU, using lattice symmetry to assist in filling the mass-weighted Hessian matrix. 53, 54 IR intensities were obtained for selected Hamiltonians via the atomic dynamical charge tensors 55 computed within the Wannier-Boys localization approach. 56 All calculations adopt a FM alignment of TM spin moments, save where it is noted otherwise.
IV. RESULTS AND DISCUSSION

A. Crystal-field model of the spin excitations
As a guide to the relevant configurations for the DFT calculations, the energies of the various Fe II spin states are explored within a crystal-field Hamiltonian. As in previous studies, 35, 57, 58 the model due to Kanamori 59 is applied, in which the interaction energies of the d-manifold electrons are expressed in terms of combinations of intra-͑U͒ and interband ͑UЈ͒ Coulomb and exchange ͑J͒ integrals. Excitation energies relative to the putative t 2g ͑6͒ e g ͑0͒ LS ground state are obtained as
for the d 6 LS͑S =0͒ → IS͑S =1͒ excitations, where B and C are Racah parameters 60 and ⌬ CF is the e g -t 2g crystal field splitting energy. The xz and yz orbitals are equivalent under the action of the orbital-dependent UЈ and J interactions so that their occupancies may be interchanged without effect upon the energy. The IS states shown have been selected from among all possible S = 1 configurations on the basis that their respective excitation energies involve only one ⌬ CF splitting. This is justified by the understanding that ⌬ CF must exceed the pairing energy in any material manifesting a LS ground state. The Racah parameters are both positive so that the IS 1 configuration emerges as the most stable S = 1 state. This configuration is used in the subsequent calculations, and denoted as the IS L state, "L" indicating the localization of zero occupation in a single orbital.
Applying a similar analysis to the d 6 LS→ HS͑S =2͒ excitations yields
where it should be noted that the three distinct t 2g ͑↑↓͒ configurations lead to energetically equivalent HS 1 states, and the two e g ͑↑↓͒ configurations, to equivalent HS 2 states. The more stable HS 1 configuration is adopted, and denoted as the HS L state hereafter, "L" in this case indicating the localization of double occupation in one t 2g orbital. Interestingly, the excitation energies also reveal the limitations of the simple pairing energy model, in that the combined Coulomb and exchange contribution to the LS→ HS L energy, ͑−4B −7C͒, is not an integer multiple of the same for the LS→ IS L energy, ͑−3C͒.
JT distortion is anticipated in both spin-excited lattices, the resulting c-axis tetragonal ͑tet͒ cell deformations lowering the point symmetry at TM sites from O h to D 4h . As a result, the degenerate O h t 2g -orbitals split into e g ͑xz and yz͒ and b 2g ͑xy͒ sets, and the O h e g orbitals, into a 1g ͑z 2 ͒ and b 1g ͑x 2 − y 2 ͒ sets. However, for simplicity of reference, the present study retains the labeling appropriate to O h symmetry throughout. Two further HS states are considered: the delo- 
B. Static energetics and optimized structures
The optimized structures and relative Fe II spin state energetics obtained in the static limit are presented in Table I 18 The ⌬H static ͓HS-LS͔ data obtained in the region F 0 = 14-16 % are in good agreement with the value +15.7 kJ/ mol provided by the previous GGA+ U calculations using fixed experimental HS and LS geometries but fall significantly below the value +31.1 kJ/ mol resulting from the previous HSE06 hybrid functional calculations. 27 This is an unexpected finding, given that the HSE06 potential incorporates a higher content F 0 = 25% of Fock exchange, and that the HS-LS splitting apparently decreases with increasing F 0 . The larger splitting in the HSE06 calculations is tentatively attributed to the use of fixed experimental geometries, to the sensitivity of the spin state energetics to details of the functionals beyond the Fock exchange content ͑HSE06 employing the PBE exchange and correlation functionals and short-range Fock exchange only͒, or to some combination of both effects. Further support for the importance of these points emerges from the fact that the present estimated F 0 = 25% HS-LS splitting of −24.35 kJ/ mol ͑interpolated linearly between F 0 = 20% and 30%͒ differs markedly from the HSE06 value.
Broadly, and in light of the analyses presented in Sec. IV A, the energy differences indicate the progressive dominance of intra-atomic Coulomb and exchange interactions over crystal-field splittings as F 0 increases. This is in keeping with the conclusions drawn from hybrid functional studies of spin excitations in other TM compounds. 18, 35, 57, 58 More specifically, and as discussed previously, 35 ⌬H static ͓HS-LS͔ varies directly with the ability of the functionals to adequately represent electron pair correlations, of which one, two, and three manifest within the HS, IS, and LS states, respectively. The UHF method does not account for such interactions, but they are present to varying degrees within most pure DFT functionals, the overall effect being that the LS state is progressively destabilized relative to HS as F 0 increases toward the 100% limit. A qualitatively similar trend emerges for the ⌬H static ͓IS-LS͔ splitting, albeit with the lower rate of change with respect to F 0 evident in Fig. 2 , the latter due to the fact that this excitation involves the loss of only one pair correlation.
An examination of the nature of the fundamental spin excitation in each Hamiltonian is of interest: these are of the type LS→ HS L,tet for F 0 Յ 18% ͑save at F 0 = 0%, where a LS→ HS D excitation is favored͒; HS L,tet → LS for 18% Ͻ F 0 Յ 60%; and HS L,tet → IS L,tet for F 0 Ͼ 60%. Thus, while the IS state never constitutes the ground state of the system, it does become relevant at high admixtures of Fock exchange. It is also found that the HS L,tet and IS L,tet states are variationally unstable at F 0 = 0%, reverting to the LS configuration upon release of the initial spin constraints. Relative energies at this limit have therefore been approximated by extrapolation of fourth-order polynomial fits to the extant data, as shown in Fig. 2 . Similarly, all attempts to obtain a stable HS D state above F 0 = 60% result in relaxation into the respective LS configuration. The HS D -HS L,tet enthalpy difference is found to increase rapidly with F 0 , attaining a large value of ap-proximately 271 kJ/mol at the HS D stability limit. It is clear from this that the inclusion of orbital relaxation is a key factor determining the relative spin state energies in Hamiltonians containing Fock exchange. Calculations on the isolated Fe II ion provide quantitatively similar results, indicating that the HS D -HS L splitting is due to intra-atomic interactions, but such effects lie beyond the scope of the simple crystal-field model presented earlier.
In contrast, the enthalpy differences, ⌬H JT , separating the HS L,cub and HS L,tet states are very small ͑of order 0.2 kJ/mol or less͒, in keeping with the understanding that degenerate t 2g -orbital occupation in octahedral symmetry typically leads to a weak JT effect. In fact, the distortion energies are sufficiently small relative to the thermal energy at T 1/2 and above that a dynamical JT effect might be anticipated. To a first approximation, the onset of such disorder is expected when T⌬S orb ͑⌬S orb amounting to 9.13 J / mol K in the present material͒ exceeds the associated enthalpy cost, ⌬H JT . The orbital occupation at Fe II sites then fluctuates over the degenerate e g 2 t 2g 2 xz͑↑↓͒, e g 2 t 2g 2 yz͑↑↓͒, and e g 2 t 2g 2 xy͑↑↓͒ HS 1 -type configurations discussed in Sec. IV A. The calculations support the presence of such disorder, yielding ⌬H JT values amounting to no more than one tenth the value of T 1/2 ⌬S orb at the mean experimental crossover temperature. The most apparent effect would be to create a HS state lattice appearing cubic to experimental techniques averaging over sufficiently long distances or time scales. X-ray diffraction studies of CsFe II ͓Cr III ͑CN͒ 6 ͔ reveal such a structure above T 1/2 , finding no evidence of a static JT distortion. 6 A number of further points arise in relation to this disorder. First, the relative energies firmly establish that the dynamical JT state must involve fluctuations over distinct HS 1 -type configurations, rather than the higher symmetry state of average occupation represented by the HS D configuration. Second, the presence of a dynamical JT effect in the HS state would seem to require the inclusion of ⌬S orb in the SCO thermodynamic model. Third, it is noted that the ⌬H JT values obtained here relate to a cooperative distortion of the whole lattice. Future supercell simulations will consider the effects of more localized distortions.
Examining optimized structures ͑Table I͒, it is clear that the LS→ HS transition always occurs with an increase in molar volume. The best overall agreement with the experimental LS and HS volumes comes from the F 0 = 0% method, though all functionals provide volume increases that are reasonably close to both the experimental 6, 24 and the previous optimized GGA+ U values. 27 As might be anticipated from simple ligand field arguments, the structural effect is dominated by the elongation of Feu N bonds arising due to the occupation of antibonding Fe II e g orbitals. The fractional changes in Cru C and C w N distances are much smaller, amounting to no more than approximately 4% and 2%, respectively, of the fractional change in the comparable mean Feu N distance, all relative to the corresponding bond lengths in the LS state. The mean Feu N bond elongation across the transition varies from 0.14 Å in the UHF method, to 0.20 Å at F 0 = 0%, bracketing the experimental values in the approximate range 0.17-0.18 Å ͑Ref. 24͒ and the value 0.17 Å obtained from the previous GGA+ U calculations. 27 The HS state lattice constant ratios, c / a, remain close to unity across the range of functionals, although a crossover from relative elongation to contraction along the c axis occurs in the range 20% Ͻ F 0 Ͻ 30%, ⌬H JT approaching a minimum in the same region.
A representative set of LS and HS state energy-volume curves obtained within the F 0 = 14% functional are shown in Fig. 3 . Polynomial fits permit for the determination of the respective bulk moduli, K 0 , via
The fourth-order functions shown in Fig. 3 However, further comparisons are hampered by the fact that experimental bulk moduli are presently unavailable. Figure 3 also shows the relative energies of the LS → HS and HS→ LS Franck-Condon ͑FC͒ states, i.e., the spin-excited states obtained with lattice fixed as in the appropriate optimized initial state. Values of approximately 172 kJ/mol and 76 kJ/mol emerge for LS→ HS and HS→ LS transitions, respectively, placing such states substantially higher in energy than the corresponding optimized excited states at equivalent volume. The previous GGA+ U and HSE06 calculations, using fixed low-and high-temperature experimental structures, provide similar values of approximately 163-167 kJ/mol for the FC LS→ HS energy, but the FC HS→ LS excitation is placed much lower at approximately 17-18 kJ/mol. 27 At least part of this discrepancy may be ascribed to the modest overestimation relative to experiment of the HS state volume in the present F 0 Ն 10% optimizations. Furthermore, while it is noted that such energies relate directly to optical absorption, the transitions in the present material are forbidden by both the parity-and spinselection rules, so that optical excitation is expected to be very inefficient.
C. Thermodynamic parameters and phonon frequencies
Lattice-dynamics calculations, as outlined in Sec. II, were pursued for the LS and HS states in all Hamiltonians within which a LS ground state is favored. Values of the interaction constant, ⌽, at ␥ =1/ 2 were also obtained for each functional from the static total energies of fully optimized bimolecular supercells ͑vectors a SC = b prim + c prim , b SC = a prim + c prim , c SC = a prim + b prim ; prim denoting the rhombohedral primitive cell͒ containing one HS and one LS Fe site. The molar excess enthalpy of mixing H mix = 1 2 ͓E SCell − E LS − E HS ͔ may then be equated with the term ⌽␥͑1−␥͒ appearing in Eq. ͑2͒, yielding the interaction constant directly. It is emphasized that the ⌽ values obtained in this way represent preliminary estimates: a fuller treatment would entail averaging over multiple supercell expansions and the inclusion of vibrational contributions.
Table II presents the thermodynamic parameters derived from the calculations while Fig. 4 shows the variations in the Gibbs energy differences ⌬G ⌫ and ⌬G orb ⌫ with temperature. It is clear that the pure DFT approach overestimates the SCO transition temperature, the T 1/2 ⌫ values falling thereafter as F 0 is increased, in close correlation with the trend in ⌬H static . Figure 4 further reveals that the ⌬G ⌫ ͑T͒ and ⌬G orb ⌫ ͑T͒ curves obtained from each functional are all of similar form, the only substantial difference arising in regard to their zerotemperature intercepts, ⌬G ⌫ ͑0͒ = ⌬G orb ⌫ ͑0͒ = ⌬H static + ⌬E ZPE ⌫ . Given that the ZPE contribution is of a similar magnitude in all functionals, it can be concluded that the wide range in computed T 1/2 ⌫ values is due mainly to the variations in ⌬H static . However, ⌬E ZPE ⌫ does play an important role at F 0 = 18%, wherein it suffices to stabilize a HS ground state, eliminating any possibility of a temperature-driven SCO. The Table II vary markedly, due mainly to the large range in the associated T 1/2 ⌫ values. Moreover, the SCO thermodynamics including and excluding ⌬S orb are, in most cases, very similar. Inclusion of the latter leads to decreases in transition temperature of approximately 10-20 % across the range of functionals, and to relative reductions in ⌬H vib ⌫ ͑T 1/2 ⌫ ͒ and ⌬S vib ⌫ ͑T 1/2 ⌫ ͒ that are small at the pure DFT limit, but grow progressively larger as F 0 is increased.
The T 1/2 ⌫ values obtained at F 0 = 14% are in excellent agreement with the experimental range, 6, 7 in keeping with the suggestions of previous studies that functionals in the region F 0 Ϸ 15% provide reliable relative spin state energetics. 18, 22, 23 However, it is recalled that the occurrence of two experimental values is a consequence of hysteresis so that it may be more appropriate to compare the computed T 1/2 ⌫ values with the experimental average at 225 K. The F 0 = 14% functional yields total enthalpy differences across the transition of 17.5 kJ/mol and 16.9 kJ/mol for models excluding and including orbital entropy, respectively; vibrational entropy changes of 62.0 J / mol K and 59.3 J / mol K, respectively; and total entropy changes of 75.4 J / mol K and 81.8 J / mol K, respectively. The latter values lie at the upper end of the broad range from 35-80 J / mol K typically quoted for octahedral Fe II complexes. 13 Vibrations contribute 82% of the total transition entropy in the model excluding ⌬S orb and 72% in the model including it, bearing out the discussion of the relative importance of the electronic and vibrational contributions presented in Sec. II.
Table II also compares the interaction constants obtained from the supercell calculations with the respective critical values ⌽ C =2RT 1/2 separating continuous and discontinuous transitions. Mindful of the approximations involved, transitions with a range of characters are predicted. The constants at F 0 = 0%, 10%, and 12% lie well below the respective ⌽ C values, indicating gradual and continuous SCO, while those at F 0 = 14% and 16% are in the region of or greater than ⌽ C , indicating discontinuous transitions with the potential for hysteresis. The latter two results concur with the experimental observation that SCO in CsFe͓Cr͑CN͒ 6 ͔ is abrupt in onset and hysteretic. 6, 7 No obvious reason emerges for the much larger ⌽ value obtained at the pure DFT limit. Despite the clear differences in HS D and HS L,tet orbital occupations, the optimized Feu Fe distances in the mixed HS+ LS supercell at F 0 = 0% are very similar to those obtained with other functionals. Further study of this point is required, perhaps with extension to more conventional SCO solids.
Representative sets of mode wave numbers and associated thermodynamic quantities obtained from the F 0 = 14% lattice-dynamics calculations are presented in Tables III and  IV for sponding mode eigenvectors are presented in the Supplementary Material. 61 Examination of the latter often indicates mixed character; the assignments listed in the tables represent the dominant site motions determined by visual inspection. While mode coupling of this type complicates the comparison of the LS and HS spectra, some specific insights may be obtained. The thermodynamic model including ⌬S orb is adopted hereafter to simplify the discussion. 
However, many of the modes display substantial ͑FeN͒ and ͑CrC͒ character so that the metal-ligand stretching contribution is likely greater than is apparent here. More than half of ⌬S vib ⌫ ͑T 1/2 ⌫ ͒ derives from the nine lowest, nonacoustic modes possessing wave numbers of 250 cm −1 or lower. It is difficult to conceive of an isolated cluster approach capable of accurately representing the lower six of these modes, emphasizing the importance of a solid-state lattice-dynamics approach for the present material. The contribution of the Cs translational ͑or "rattling"͒ modes are of particular interest, for the mode softening here derives chiefly from the lattice expansion in the HS state, rather than from any direct reduction in bond strength; the same likely also applies for the FeN 4 and CrC 4 rotational modes. The effects of the spectroscopic selection rules upon the apparent SCO thermodynamics are also of interest. Separate analyses follow for the cases that the mode degeneracies can and cannot be experimentally determined, being set to unity in the latter case. It is also assumed that even the weakest IRor Raman-active absorptions may be resolved. Summing over only the IR-active modes with correct degeneracies yields ⌬E ZPE ⌫ , ⌬H vib ⌫ ͑T 1/2 ⌫ ͒, and ⌬S vib ⌫ ͑T 1/2 ⌫ ͒ values of approximately +3.3 kJ/ mol, +9.1 kJ/ mol, and +91.3 J / mol K, respectively; and similarly over the Raman-active modes, +2.2 kJ/ mol, +9.4 kJ/ mol, and +93.2 J / mol K, respectively, all as shown in Table II large increases in ⌬E ZPE ⌫ . Taking the results together, it is clear that the thermodynamic parameters derived from the partial sets of modes differ markedly from the complete set values, emphasizing the difficulties inherent to the determination of such quantities from spectroscopies limited by selection rules. On this basis, application of the inelastic neutron-scattering technique might be preferred.
The experimental spectra reported for CsFe͓Cr͑CN͒ 6 ͔ are limited to IR frequencies in the ͑CN͒ region. 6, 7 It is found that the experimental stretches at 2156 cm −1 and 2163 cm −1 in the LS and HS states, respectively, 6 compare reasonably well with F 0 = 14% values of 2222 cm −1 ͑F 2 symmetry͒ and 2230 cm −1 ͑B 2 symmetry͒, respectively, particularly in regard to the HS-LS difference. The latter modes were selected on the basis of their large computed IR intensities. Interestingly, the lattice-dynamics calculations also reveal the presence in the HS state IR spectrum of a weak ͑CN͒ E-symmetry mode approximately 15 cm −1 below the strong absorption. A feature analogous to this is observed in the experimental HS spectrum, where it was attributed to the presence of minority Fe͑LS͒-NC-Cr configurations. 7 It is suggested that this assignment is incorrect, and that this weak peak is, in fact, intrinsic to the HS state.
V. CONCLUSIONS
The present study comprises a detailed investigation of thermal SCO in the CsFe͓Cr͑CN͒ 6 ͔ Prussian blue analog, including a lattice-dynamics treatment of the key thermodynamic parameters driving the cooperative transition. The main finding is that the static and dynamical enthalpy and entropy differences derived from a solid-state hybrid densityfunctional approach with a Fock exchange content F 0 = 14%, in combination with a simple thermodynamical model for SCO, leads to transition temperatures in excellent agreement with the experimental range. The superior performance of hybrid functionals in this F 0 region bears out the findings of previous studies of the spin excitations in a range of isolated complexes. [18] [19] [20] [21] [22] [23] The variations in spin state splitting energies with F 0 may be understood in terms of the extent to which the various functionals capture electron pair correlations. The calculations effectively complement the experimental studies, yielding detailed insights into the transition thermodynamics and equation-of-state parameters. Other important findings include:
͑i͒ the fundamental Fe II spin excitations of the system are of type LS→ HS D for F 0 =0%, LS→ HS L,tet for 10% Յ F 0 Յ 18%, HS L,tet → LS for 18% Ͻ F 0 Յ 60%, and HS L,tet → IS L,tet for F 0 Ͼ 60%. ͑ii͒ Estimates of the lattice distortion energy ⌬H JT associated with the JT effect in the HS Fe II e g 2 t 2g 4 configuration provide values that are small relative to the thermal energy at T 1/2 and above. This is interpreted to indicate the likely presence of a dynamic JT effect in the HS state, in keeping with the experimental assignment of cubic symmetry for this phase.
͑iii͒ Essentially all of the functionals provide reasonable values for the increase in molar volume associated with the LS→ HS transition, though ⌬V at F 0 = 0% lies closest to experiment. The bulk moduli in the HS state are found to be approximately 15% lower than in the LS state.
͑iv͒ The ⌬G ⌫ ͑T͒ = G HS ⌫ ͑T͒ − G LS ⌫ ͑T͒ curves are of similar form in all relevant Hamiltonians 0% Յ F 0 Յ 18%, the only significant difference arising in relation to their zerotemperature intercepts, driven chiefly by the variation in ⌬H static with F 0 . It is also clear that the choice of whether to include or exclude the entropy associated with orbital degeneracy in the HS L,tet state results in only modest changes to the relevant thermodynamic parameters.
͑v͒ Vibrations contribute the dominant fraction of the transition entropy, and more than half of ⌬S vib arises from modes with wave numbers of 250 cm −1 or less, the majority of which would not be straightforwardly representable within a cluster approach. Application of the spectroscopic selection rules leads to thermodynamic parameters differing markedly from those obtained with the full sets of frequencies, indicating that the derivation of SCO thermodynamics directly from IR or Raman spectroscopy may lead to significant error. Similar difficulties are anticipated in other SCO materials.
͑vi͒ The computed ͑CN͒ stretching modes displaying significant IR intensities in both spin states compare well with experimental frequencies in the appropriate spectral region. A weak E-symmetry ͑CN͒ mode lying slightly below the strong absorption in the HS L,tet phase is assigned as an intrinsic feature of the lattice, rather than arising due to minority Fe͑LS͒-NC-Cr configurations, as has been suggested previously. 7 ͑vii͒ Detailed discussion of the electronic structures of the HS and LS states and the magnetic coupling in the former are presented in the Supplementary Material. 61 The main findings are: first, that the Cr-Cr coupling in the LS state is likely mediated by the mixing of some fraction of the Fe → Cr charge transfer excited state into the ground state. Second, that the fundamental absorptions of the LS and HS L,tet states lie in the near UV and low wavelength visible spectral regions, respectively. Both states retain wideband-gap insulating character, in contrast with the finding of Wojdeł et al. 27 that the HS phase was metallic. The latter is shown to be a consequence of imposing cubic symmetry in the HS lattice, corresponding to a higher-energy orbital occupancy. Third, that the magnetic coupling in the HS L,tet state is strongly anisotropic, being ferromagnetic within the xy plane and antiferromagnetic along the z axis. However, the averaging of the orientations of the tetragonal distortions within the associated dynamic JT state leads to net ferromagnetic coupling, the axially averaged coupling constant interpolated at F 0 = 35% being in good agreement with experiment. 6 The prospects for related studies combining latticedynamics calculations and hybrid functionals are encouraging. Alongside a full treatment of phonon dispersion in the present material, applications to more conventional SCO compounds, such as the solid phases of Fe͑phen͒ 2 ͑NCS͒ 2 and Fe͑pyr͒ 2 ͓M͑CN͒ 4 ͔ ͑M = Ni, Pd, and Pt͒, are readily envisaged. A more complete model of the SCO cooperativity is also required, as might be provided by the combination of supercell calculations incorporating a greater range of HS site concentrations with determinations of the corresponding vibrational frequencies.
